Abstract. Given an integer n 0 0; 1, let B n be the variety of n-Bell groups defined by the law ½x n ; y ¼ ½x; y n , and let B
Introduction
Let V be a variety of groups defined by the law oðx 1 ; . . . ; x n Þ ¼ 1. A group G is said to be a V Ã -group if for any infinite subsets X 1 ; . . . ; X n of G there exist x 1 A X 1 ; . . . ; x n A X n such that oðx 1 ; . . . ; x n Þ ¼ 1. Clearly V U F J V Ã , where F is the class of all finite groups. It is known that for many varieties V and for many words o the equality V Ã ¼ V U F holds (see, for instance, [6, Theorems 4.1, 4.2] ). However, it is still an open question whether this is true for all varieties V and for all words o (see [6] for a survey of this problem and its origin). In the following theorem we collect some circumstances in which the equality holds. Theorem 1.1 ( [7] ). Let V be a variety of groups defined by the law o ¼ 1. Then every infinite V Ã -group G is a V-group in the following cases:
(i) G is residually finite;
(ii) G has an infinite abelian normal subgroup;
(iii) G is locally nilpotent.
The case (i) is an immediate consequence of the following easy fact.
Remark 1.2 ([7]
). If J is the intersection of infinite normal subgroups of a V Ã -group G, then G=J belongs to V.
Let n 0 0; 1 be an integer. A group G is n-Bell if ½x n ; y ¼ ½x; y n for all x; y A G. Examples of n-Bell groups are groups of exponent dividing n, groups of exponent dividing n À 1, 2-Engel groups, n-abelian groups (see [2] ), and n-Levi groups (see [8] ). There are several papers giving properties of n-Bell groups, see for instance [3] , [4] , [5] , [8] and [14] . It has been proved in [8] that if G is an n-Bell group, then the exponent of G=R 2 ðGÞ divides nðn À 1Þ, where R 2 ðGÞ denotes the characteristic subgroup of G consisting of all right 2-Engel elements of G. Moreover, G=Z 2 ðGÞ has finite exponent depending only on n (see [4] and [14] ). Finally, the structure of certain classes of infinite n-Bell groups is described in [4] and [5] .
In this paper we consider the variety B n of all n-Bell groups, and we deal with some conditions under which the equality B Ã n ¼ B n U F holds. In [13] , Taeri proved that equality holds when n ¼ G2 or n ¼ 3. Using a deep result depending on the classification of finite simple groups, the same author also showed that an infinite B Ã ngroup G having only finitely many elements of order 2 or 3 is n-Bell provided that n ¼ À3 or n ¼ 4.
Recall that a group G is said to be locally graded if every non-trivial finitely generated subgroup of G has a non-trivial finite quotient. The class of locally graded groups includes the classes of locally soluble groups and locally residually finite groups.
We prove that every infinite finitely generated locally graded B Ã n -group is n-Bell. This implies that every infinite locally graded B Ã n -group is n-Bell or locally finite. In particular, every infinite locally soluble B Ã n -group is n-Bell, and the same conclusion holds for every infinite locally graded B Ã n -group when jnj or jn À 1j is equal to 2 a p b (where p is a prime, a and b non-negative integers). This means that in the class of locally graded groups the equality B Ã n ¼ B n U F holds for all positive integers n < 30. As a consequence, we obtain that B Ã 4 ¼ B 4 U F without any further hypotheses. In contrast to the results in [13] , our result does not depend on the classification of finite simple groups.
Preliminary results
We start with an easy consequence of the following result of Taeri.
Proposition 2.2. Let G be an infinite B Ã n -group and suppose that G is not of finite exponent dividing either n or n À 1. Then there exists a non-trivial element x in G such that C G ðxÞ is infinite.
Proof. By Lemma 2.1 we may assume that x n ¼ 1 or
By hypothesis both S and T are non-empty, and obviously G ¼ S U T. This implies that x ¼ 1 or y ¼ 1 whenever x A S, y A T and ½x; y ¼ 1. Now, if both S and T are infinite, there exist x A Snf1g and y A Tnf1g such that ½x n ; y ¼ ½x; y n , so ½x; y ¼ 1, a contradiction. Hence either S or T is finite, say S. If x A Snf1g, then x has only a finite number of conjugates in G and so C G ðxÞ is infinite. r
It is known that in every locally graded n-Bell group the elements of finite order form a locally finite subgroup (see [4, Corollary 4.2] ). As we will prove in the next section (see Corollary 3.4), it is possible to extend this result to B Ã n -groups. Here we just prove that every periodic locally graded B Ã n -group is locally finite. Lemma 2.3. Let G be a finitely generated periodic locally graded B Ã n -group. Then G is finite.
Proof. Let R be the finite residual of G and suppose, for a contradiction, that G is infinite. If R ¼ f1g, then G is an infinite residually finite group and hence n-Bell by Theorem 1.1 (i). Thus G is finite by [5, Theorem 4 .1], a contradiction. So assume that R 0 f1g. Since G=R is residually finite, we get, as before, that G=R is finite. Then R is finitely generated and so it has a non-trivial finite quotient by hypothesis. This guarantees that the finite residual of R, say S, is a proper subgroup of R. Now R=S is finite because it is a periodic, finitely generated and residually finite B Ã n -group. We conclude that G=S is finite and R ¼ S, again a contradiction. r Proof. The existence of an infinite abelian subgroup is clear if G is not a periodic group. On the other hand, if G is periodic, then it is locally finite by Lemma 2.3 and therefore it has an infinite abelian subgroup (see, for instance, [11, Theorem 14.3.7] ). r Note that Corollary 2.4 is not valid for infinite groups in B Ã n , since it does not hold for infinite groups in B n . Clearly the free Burnside group Bð2; nÞ is a B n -group; moreover, if n > 665 is an odd integer, it is infinite and all of its abelian subgroups are cyclic (see [1] 
Main results
In the first part of this section, we prove that every infinite B Ã n -group G is n-Bell provided that G is finitely generated and locally graded or G is locally soluble.
Lemma 3.1. Let G be an infinite finite-by-nilpotent B Ã n -group. Then G is an n-Bell group.
Proof. By hypothesis g kþ1 ðGÞ is finite for some integer k > 0, so G=Z 2k ðGÞ is finite (see for instance [11, Theorem 14.5.3] ), and Z 2k ðGÞ is infinite. Let i > 1 be the greatest integer such that Z iÀ1 ðGÞ is finite, and put H ¼ Z i ðGÞ, K ¼ Z iÀ1 ðGÞ. For all x A G and h A H, we obtain that ½x; h A K and so jH : C H ðxÞj is finite. Thus C G ðxÞ is infinite and the claim follows from Lemma 2.5. r Theorem 3.2. Every infinite finitely generated locally graded B Ã n -group is n-Bell.
Proof. Let G be a group as in the statement and let x, y be elements of G. By Lemma 2.1 the subgroups C G ðx nðnÀ1Þ Þ and C G ðy nðnÀ1Þ Þ are infinite. Then Lemma 2.5 yields Proof. Let G be an infinite locally graded B Ã n -group and suppose that G is not locally finite. If H ¼ hz 1 ; . . . ; z r i is an infinite finitely generated subgroup of G, then Theorem 3.2 shows that hx; y; z 1 ; . . . ; z r i is an n-Bell group for all x; y A G. Therefore ½x n ; y ¼ ½x; y n , and G is n-Bell. r Proof. First assume that G is not periodic and consider an element a A G of infinite order. Then for all x; y A G we have that ha; x; yi is an infinite finitely generated locally graded B Ã n -group. Consequently, G is n-Bell because ha; x; yi is, by Theorem 3.2.
Suppose now that G is periodic and let H ¼ hx; yi with x; y A G. By Theorem 1.1 (ii) the statement is obviously true when G is a C ernikov group. Therefore we may suppose that G is a periodic locally soluble group which is not C ernikov. Then, by a result of D. I. Zaȋcev (see [15, Theorem 1] ), H normalizes some infinite abelian subgroup A of G. It follows that HA is an infinite B Ã n -group which contains an infinite abelian normal subgroup. Hence HA is n-Bell, again by Theorem 1.1 (ii), and ½x n ; y ¼ ½x; y n . r
The next result shows that every infinite locally graded simple B Ã n -group is n-Bell. By [3, Theorem C] it follows that such a group is either abelian or of exponent dividing n or of exponent dividing n À 1. This fact allows us to show that, at least for special values of n, Theorem 3.2 also holds for infinitely generated groups. Lemma 3.6. Let G be an infinite locally graded B Ã n -group. If G is simple, then it is an n-Bell group.
Proof. Suppose, for a contradiction, that G is not n-Bell. If A is an infinite abelian subgroup of G, then, for all a A A and y A G, we have ½a n ; y ¼ ½a; y n and ½a Àn ; y ¼ ½a À1 ; y n by Lemma 2.5. It follows that ½ða y Þ n ; a 1Àn ¼ 1 (see, for instance, [13, Lemma 8] ), and ½a y ; a nð1ÀnÞ ¼ 1, again by Lemma 2.5. So a nð1ÀnÞ A Zðhai G Þ, and a nð1ÀnÞ ¼ 1 by the simplicity of G. Therefore 1 ¼ ½a nð1ÀnÞ ; y ¼ ½a n ; y 1Àn and 1 ¼ ½a nð1ÀnÞ ; y ¼ ½a 1Àn ; y n for all y A G. This means that
Hence A is contained in the center of G, which is impossible because ZðGÞ ¼ f1g. r Theorem 3.7. Let G be an infinite locally graded B Ã n -group and suppose that either jnj or jn À 1j is equal to 2 a p b where p is a prime and a, b are non-negative integers. Then G is an n-Bell group.
Proof. First we remark that, for all values of n in the statement, every locally finite n-Bell group is locally soluble by [14, Corollary 4.2 (ii) ]. Moreover, we may assume that G is locally finite by Corollary 3.3, and that G is not simple by Lemma 3.6. We distinguish the following two cases. Case 1. Suppose that G has no non-trivial finite normal subgroups.
Let T be the intersection of all non-trivial normal subgroups of G. Since G=N is n-Bell for any infinite normal subgroup N of G, the group G=T is n-Bell. If T ¼ f1g, we are done. Suppose now that T 0 f1g. If T is simple, then T is n-Bell by Lemma 3.6. It follows that G is locally soluble, because both G=T and T are locally soluble and G is locally finite. By Theorem 3.5 we obtain that G is n-Bell. Thus we may assume that T is an infinite characteristically simple group which is not simple. If there exists a non-trivial finite normal subgroup M of T, then C G ðMÞ is infinite and M is n-Bell by Lemma 2.5. By Remark 1.2, M is soluble. Then the join S of all normal soluble subgroups of T is non-trivial. Since S is locally soluble and characteristic in T, it follows that T is locally soluble. Therefore, as before, G is n-Bell. Finally, suppose that every non-trivial normal subgroup of T is infinite. Let R be the intersection of all non-trivial normal subgroups of T. Then T=R is n-Bell, by Remark 1.2. But R is a proper characteristic subgroup of T, thus R ¼ f1g and T is n-Bell. Therefore G is n-Bell, as before.
Case 2. Suppose that G has a non-trivial finite normal subgroup.
Let L be the subgroup generated by all finite normal subgroups of G. If N is any finite normal subgroup of G then C G ðNÞ is infinite, so N is n-Bell by Lemma 2.5. Thus N is soluble. Therefore L is contained in the join of all normal soluble subgroups of G. If L is finite, then G=L has no non-trivial finite normal subgroups, so it is n-Bell by Case 1. Hence G is locally soluble, since it is locally finite and both G=L and L are locally soluble. This implies that G is n-Bell by Theorem 3.5. On the other hand, if L is infinite, again G=L is n-Bell and the proof is completed. r As a consequence of Theorem 3.7 we deduce that B Proof. First we prove that the elements of finite order of G form a locally finite subgroup. Let x, y be periodic elements of G and suppose that the subgroup H ¼ hx; yi is infinite. By a result of Baer (see [12, p . 171]) we may assume that every proper quotient of H is finite. Let K be the Fitting subgroup of H. Of course H 0 K. If K 0 f1g, then jH=Kj is finite and K is infinite. It follows that H=K is a 4-Bell group, and in particular it is nilpotent (see, for instance, [10, Theorem 2] ). Therefore H is soluble and being periodic and finitely generated it is finite, a contradiction. Hence K ¼ f1g. Let , and finitely generated because H=B is finite. Then B is an infinite normal nilpotent subgroup of H and so it is contained in K, which is impossible. Therefore T is a locally finite subgroup of G. Now [13, Lemma 4] implies that G=T is 4-Bell as it is torsion-free; in particular, G=T is nilpotent by [4, Corollary 4.6] . If T is finite, then G is finite-by-nilpotent and hence 4-Bell by Lemma 3.1. Suppose that T is infinite and let x, y be arbitrary elements of G. By [13, Lemma 4] , we have ½x 4 ; y ¼ ½x; y 4 whenever x or y has infinite order. Otherwise both x and y belong to T, and we have again ½x 4 ; y ¼ ½x; y 4 since T is 4-Bell by Theorem 3.7. Therefore G is a 4-Bell group. r
